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Abstract

Parametric worst-case execution time (WCET) bounds
are critical in removing restrictions, such as known loop
bounds, on algorithms for important applications such as
scheduling for real-time embedded systems. Current para-
metric approaches have difficulties with loop nests that in-
clude non-rectangular loops, zero-trip loops, and/or loops
with non-unit strides. This paper presents a novel approach
to parametric WCET estimation based on numeric/symbolic
manipulation of polynomial representations for the timing
of rectangular and non-rectangular loop nests including
those with zero-trip loops, non-unit strides, and multiple
critical paths.

1. Introduction

Worst-case execution time (WCET) estimation has im-
portant applications in scheduling and real-time embedded
systems. Traditional timing analysis statically determines
the maximum execution time of a program, which requires
the maximum number of loop iterations to be statically
known. Recent work on WCET estimation [7] incorporated
work on scheduling [10] to bound the number of iterations
of non-rectangular loops to derive WCET estimates. The
method requires the bounds of the outer loop to be constant
or to be bounded by constants, resulting in a loosening of
the WCET bound.

Parametric timing analysis produces formulae, where
the unknown values affecting the execution are param-
eterized [12]. These formulae can be quickly evalu-
ated at run-time with real-time values to support dynamic
scheduling decisions. However, current parametric ap-
proaches have difficulties with multiple loop nests that in-
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clude non-rectangular loops, zero-trip loops, and/or loops
with non-unit strides.

To count the number of loop iterations in the presence of
potential zero-trip loops, Haghighat [5] proposes a method
that exploits sums over special functions that are similar
to the Dirac delta operator. Sakellariou [10] improves this
and earlier work by Clauss on Ehrhart polynomials [3] by
proposing the use of guarded sums. Unfortunately, the de-
termination of the size of loop iteration spaces with the
guarded sums proves impossible for certain complicated
loop nests with symbolic loop bounds and non-unit strides.
Another approach by Pugh uses Presburger formulas [8] to
determine the iteration space size of a loop nest.

This paper presents a novel approach to paramet-
ric WCET estimation for rectangular and non-rectangular
loop nests including those with zero-trip loops, non-unit
strides, and multiple critical paths in the loop body. The
method requires only very simple numeric/symbolic ma-
nipulation capabilities on standardized representations of
polynomials. This paper significantly extends the frame-
work that we first proposed in [11]. This includes the anal-
ysis of multiple critical iteration paths through the body of
a loop.

The remainder of this paper is organized as fol-
lows. Section 2 introduces loop timing estimation using the
Newton-Gregory formulae. A method for loop bounds anal-
ysis based on monotonic Newton series is presented in Sec-
tion 3. Section 4 describes a technique to estimate the
timing of critical loop iteration paths. Finally, some con-
cluding remarks are given in Section 5.

2. Loop Timing Estimation

This section introduces the timing estimation approach
using the Newton-Gregory formulae. Most of the execution
time of a typical program is spent in loops. Therefore, tight
timing estimation of loop nests is crucial to estimate the to-
tal execution time of a program or time-critical task.



2.1. Bounding the Execution Time of Loops

To simplify the analysis of the timing of loop nests, loops
in loop nests are normalized first if not normalized already.
That is:

for i = a to b step s do
S ⇒ for i = 0 to b b−a

s
c do

S′

where the loop body statementsS are adjustedS′ such that
all in-scope occurrences ofi are replaced bys ∗ i+ a.

The total real execution timeω of a loop can be ex-
pressed as an accumulation of the real execution times of
the individual operations in the loop, consisting of the loop
headerH and bodyS′ operations

ω = ω(H(0)) +
b b−a

s c∑
i=0

ω(S′(i)) + ω(H(i+ 1)) , (1)

whereω(H(0)) denotes the real start-up time of the loop
header at iterationi = 0, ω(S′(i)) denotes the real execu-
tion time of the loop bodyS′ at iterationi, andω(H(i+1))
denotes the real execution time of the loop header opera-
tions required to commence with the next iteration or termi-
nate the loop wheni+ 1 exceeds the loop bound.

The total real execution timeω of the loop can be
bounded given sufficiently tight upper bounds on the real
execution times of the loop operationsH andS′

ω(H(0)) ≤ c0
ω(S′(i)) + ω(H(i+ 1)) ≤ p(i) ,

wherec0 is a constant andp(i) ≥ 0 for i = 0, . . . , b b−a
s c

is a bounding function. Given a sufficiently tight bounding
constantc0 and bounding functionp, the real total execu-
tion timeω of the loop is bounded by

ω ≤ c0 +
b b−a

s c∑
i=0

p(i) . (2)

The sums in (1) and (2) are only valid whenb b−a
s c ≥ 0, be-

cause a sum with negative bound requires evaluatingp(i)
for negative values ofi. In general, sums form a simple
and attractive notation for loop iteration count problems,
but their semantics provide a poor vehicle to accurately
model loop iteration count problems. The sum in (2) is un-
defined for zero-trip loops because the total size of the it-
eration space of a loop is given byb b−a

s c + 1, which can
be zero or even negative. Furthermore, because the sum
operator satisfies

∑b
i=a f(i) = −

∑a
i=b f(i), limiting the

lowest value of the upper bound of the sum to−1, as in∑max(−1,b b−a
s c)

i=0 p(i), still requires evaluatingp(−1).

2.2. Newton-Gregory Interpolating Polynomials

When the loop bodyS′ includes non-constant time oper-
ations such as inner loops with bounds that can be expressed
as polynomials ini, then the upper bound functionp on the
execution time of the outer loop header and body operations
is polynomial. Because inner loops are commonly bounded
by (symbolic) constants or affine functions of the outer loop
counter variables, functionp is polynomial of finite order
k, wherek is a relatively small constant. It follows, from
the Newton-Gregory forward formula for the interpolating
polynomial, that there exist coefficientsφj , j = 0, . . . , k,
such that

p(i) =
k∑

j=0

φj

(
i

j

)
. (3)

The coefficientsφj form the Newton series of the polyno-
mial p. The Newton series representation of a polynomial
proves to be particularly useful to represent loop iteration
count problems. The bound (2) requires a sum over an iter-
ation space that is potentially empty. Given the Newton se-
ries of polynomialp, it follows from (3) that the sum can be
written as

n−1∑
i=0

p(i) =
k∑

j=0

φj

(
n

j + 1

)
(4)

for all n > 0, since

n−1∑
i=0

k∑
j=0

φj

(
i

j

)
=

k∑
j=0

φj

n−1∑
i=0

(
i

j

)
=

k∑
j=0

φj

(
n

j + 1

)
.

Therefore, a loop iteration count problem that involves the
evaluation of symbolic loop bounds can be translated into a
simpler summation problem with constant bounds, i.e. the
constant degreek of the polynomialp. More importantly,
the formulation is applicable to zero-trip loops, because

k∑
j=0

φj

(
0

j + 1

)
= 0 (5)

by the properties of the binomial coefficients. Equations (4)
and (5) provide the basic requirements to define a loop tim-
ing function.

Definition 2.1 Let Φ(i) = 〈φ0, . . . , φk〉i denote the
Newton series of a polynomial ini. The sum reduc-
tion σ(Φ(i), n) of Φ(i) over a domaini = 0, . . . , n − 1 of
sizen ≥ 0 is the polynomial defined by

σ(Φ(i), n) def=
k∑

j=0

φj

(
n

j + 1

)
.

The sum reductionσ(Φ(i), n) of a Newton seriesΦ(i) is
a polynomial inn. This important property of sum reduc-



tions enables the composition ofσ functions over polyno-
mials represented by Newton series to compute the size of
multi-dimensional iteration spaces of nested loops.

The sum reduction of a Newton series is related to the
Riemann approximation of the integral

σ(Φ(i), x) ≈
∫ x

0

p(y) dy

However, the functionσ determines the exact size of the it-
eration space of a loop by exploiting the discrete formula-
tion of Newton-Gregory interpolating polynomials.

Note thatσ(Φ(i), x) can be evaluated for any (symbolic)
real valuex ≥ 0, because the binomial coefficients are de-
fined by(

x

j + 1

)
=

1
(j + 1)!

x(x− 1)(x− 2) · · · (x− j) .

This combined with the fact that polynomialp(i) ≥ 0
bounds the real execution time of the loop header and body
operations for all iterationsi = 0, . . . , n−1, leads to the ob-
servation thatσ(Φ(i), n) is monotonically increasing with
increasing iteration space sizen ≥ 0. Therefore, non-unit
loop strides can be incorporated in theσ function by not-
ing that

σ(Φ(i), b b−a
s c+ 1) ≤ σ(Φ(i), b−a

s + 1)

if (b − a)/s + 1 ≥ 0, with equality whens evenly divides
b−a. When the remainder(b−a) mod s is small, the bound
is tight.

Definition 2.2 The worst-case execution time (WCET)
bound of a (possibly zero-trip) loop with iteration
i = a, . . . , b and strides 6= 0 is

WCET = c0 + σ(Φ(i),max(0, b−a
s + 1))

which bounds the real execution timeω of the loop, where
Φ(i) is the Newton series representation of the polyno-
mial p(i) over i = 0, . . . , b b−a

s c that bounds the execu-
tion time of the normalized loop header and body opera-
tionsω(S′(i)) + ω(H(i + 1)) ≤ p(i), and c0 bounds the
initial loop header execution timeω(H(0)) ≤ c0.

When the loop boundsa and/orb are symbolic, the WCET
estimation is parameterized.

2.3. Newton Series Conversions

The Newton series of a polynomial is unique and can
be efficiently computed. It is noteworthy to mention that
the coefficients of the Chains of Recurrences (CR) pure-
sum representation of a polynomial are equivalent to the co-
efficients of the Newton series of the polynomial [1, 13].

Therefore, the CR algebra construction rules for polynomi-
als can be applied to e.g. the Horner form of the polyno-
mial. However, a more efficient construction method exists
that is based on Newton’s triangle [1]. In this paper, the tri-
angle is represented as a matrix to apply series conversions
via matrix-vector products.

Given the coefficientspj , j = 0, . . . , k, of polynomial1

p(i) = p0 + p1i+ p2i
2 + · · ·+ pki

k, thek+ 1 Newton co-
efficientsφj , j = 0, . . . , k, can be directly obtained from
the coefficientspj of the polynomial using Newton’s trian-
gle. Fork = 3, the Newton triangle in matrix form is

N3 =


1 0 0 0
0 1 1 1
0 0 2 6
0 0 0 6


The Newton seriesΦ(i) of a polynomial is obtained by
the matrix-vector productNkp(i) of the Newton trian-
gle Nk and the vector of polynomial coefficientsp(i) =
[p0, . . . , pk]i.

The Newton triangle is formed by a two-term recur-
rence [1]. The algorithm shown in Figure 1a computes the
coefficientsφj for pj with O(k2) operations while requir-
ingO(k) temporary storage space. The algorithm computes
the matrix-vector productΦ(i) = Nkp(i), whereNk is the
Newton triangle,p(i) = [p0, . . . , pk]i is a vector of poly-
nomial coefficients, andΦ(i) = 〈φ0, . . . , φk〉i is a Newton
series represented by a vector of Newton coefficientsφj ,
j = 0, . . . , k.

A similar two-term recurrence exists for the inverse
Newton triangleN−1

k required to compute the polynomial
p(i) = N−1

k Φ(i) of a Newton seriesΦ(i). Fork = 3, the in-
verse Newton triangle matrix is

N−1
3 =


1 0 0 0
0 1 − 1

2
1
3

0 0 1
2 − 1

2
0 0 0 1

6


An algorithm to compute the polynomial of a Newton series
is shown in Figure 1b.

The inverse Newton triangle matrix has an important
property.

Lemma 2.3 Let σ(Φ(i), n) be the sum reduction ofΦ(i)
over domaini = 0, . . . , n − 1. Then, the coefficients
s0, . . . , sk+1 of the polynomials(n) = σ(Φ(i), n) are given
by the matrix-vector product

s(n) = [s0, . . . , sk+1]n = N−1
k+1〈0, φ0, . . . , φk〉i

1 The polynomial representationsp(i) = p0 +p1i+p2i2 + · · ·+pkik

and its vector formp(i) = [p0, p1, . . . , pk]i will be used interchange-
ably throughout this paper.



Input: p[0 : k]
Output: φ[0 : k]
Declare array m[0 : k] of integer
for j = 0 to k do

φ[j] := 0
m[j] := 0

φ[0] := p[0]
if k > 0 then

φ[1] := p[1]
m[1] := 1
for i = 2 to k do

for j = i to 1 step −1 do
m[j] := j * (m[j − 1] + m[j])
φ[j] += m[j] * p[i]

Input: φ[0 : k]
Output: p[0 : k]
Declare array m[0 : k] of rational
for j = 0 to k do

p[j] := 0
m[j] := 0

p[0] := φ[0]
if k > 0 then

p[1] := φ[1]
m[1] := 1
for i = 2 to k do

for j = i to 1 step −1 do
m[j] := (m[j − 1] − (i − 1)*m[j])/i
p[j] += m[j]*φ[i]

a. Algorithm to computeΦ = Nkp b. Algorithm to computep = N−1
k Φ

Figure 1. Newton Series Conversion Algorithms

Therefore, the inverse Newton triangle can be used to effi-
ciently compute sum reductions of Newton series.

To demonstrate the applicability of the Newton-Gregory
approach to loop timing estimation, two examples are pre-
sented and the results are compared to existing worst-case
execution time estimation techniques.

Example 2.4 Consider the following loop nest with trian-
gular iteration space:

for I = 1 to N do
for J = I to N do

S

The normalized iteration space is

i = 0, . . . , N − 1
j = 0, . . . , N − 1− i .

Suppose the following execution time bounds are obtained

ω(H1(0)) ≤ c0
ω(H ′

2(i, 0)) ≤ c1
ω(S′(i, j)) + ω(H ′

2(i, j + 1)) ≤ c2 ,

wherec1, c2, and c3 are constants bounding the time of
the loop headerH1 of the outer loop, the normalized loop
headerH ′

2 of the inner loop, and the normalized loop body
S′, respectively. Constant boundsc0, c1, andc2 can be es-
tablished with an algorithm that simulates the (cache) be-
havior of operations iteratively until the timing of the loop
body converges, see e.g. [7, 12]. This simulation technique
does not accurately handle the timing of (triangular) inner
loops. The combination of the loop timing estimation pre-
sented in this paper and the simulation of non-looping state-
ments by the iterative algorithm is particularly attractive.

The worst-case execution time of the two-dimensional
loop nest is expressed by the composition of twoσ func-
tions and two Newton series conversions. The evaluation of

this WCET estimation expression proceeds as follows

WCET
= c0 + σ(N1(c1 + σ(N0c2,max(0, N − i))),max(0, N))

(0 ≤ i ≤ N − 1, so replacemax(0, N − i) byN − i)
= c0 + σ(N1(c1 + σ(N0c2, N − i)),max(0, N))
= c0 + σ(N1(c1 + σ(〈c2〉i, N − i)),max(0, N))
= c0 + σ(N1(c1 + c2N − c2i),max(0, N))
= c0 + σ(〈c1 + c2N,−c2〉i,max(0, N))
= c0 + c1 + c2(N + 1

2 ) max(0, N)− 1
2c2 max(0, N)2

Given constantsc0, c1, and c2 and (symbolic)N , the pa-
rameterized WCET of the loop nest is the tight upper bound
c0 + c1 + c2(N + 1

2 ) max(0, N)− 1
2c2 max(0, N)2. 3

Example 2.5 Consider the following loop nest with a non-
linear iteration space and a non-unit stride:

for I = 1 to N do
for J = I to I ∗ I − 2 step 2 do

S

The normalized iteration space is

i = 0, . . . , N − 1
j = 0, . . . , b i+i2

2 c − 1 .

Suppose the following execution time bounds are obtained

ω(H1(0)) ≤ c0
ω(H ′

2(i, 0)) ≤ c1
ω(S′(i, j)) + ω(H ′

2(i, j + 1)) ≤ c2 ,

wherec0, c1, andc2 are constants.

The worst-case execution time of the two-dimensional
loop nest is expressed by the composition of twoσ func-
tions and two Newton series conversions. The evaluation of
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Figure 2. Comparison of WCET Estimations

this WCET estimation expression proceeds as follows

WCET 1

= c0 + σ(N1(c1 + σ(N0c2,max(0, i+i2

2 ))),max(0, N))
(i+ i2 ≥ 0, so replacemax(0, i+i2

2 ) by i+i2

2 )

= c0 + σ(N1(c1 + σ(N0c2,
i+i2

2 )),max(0, N))
= c0 + σ(N1(c1 + σ(c2, i+i2

2 )),max(0, N))
= c0 + σ(N1(c1 + 1

2c2(i+ i2)),max(0, N))
= c0 + σ(〈c1, c2, c2〉i,max(0, N))
= c0 + (c1 − 1

6c2) max(0, N) + 1
6c2 max(0, N)3

Conventional worst-case execution time estimation tech-
niques based on guarded sums [10], Ehrhart polynomi-
als [3] or Presburger formulas [8] cannot handle this loop
nest accurately because the inner loop bound is non-linear.
These methods have to resort to computing overestimations
by establishing the maximum size of the inner loop itera-
tion space using the bounds1 ≤ I ≤ N . As a result,
the inner loop’s iteration space size is overestimated by
bN2−N

2 c. Therefore, the resulting overestimated parameter-
ized WCET expression is

WCET 2 = c0 + c1N + c2NbN2−N
2 c (6)

for N ≥ 1. This approach can result in very loose bounds
for triangular loop nests, because the inner loop is bounded
by a non-negative constant over the entire iteration space of
the inner loop.

Figure 2 shows the worst-case execution time estimation
bounds using Newton-Gregory (WCET 1) compared to the
simple WCET (6) approach (WCET 2) for increasing val-
ues ofN (shown on the x-axis). The sample boundsc0 = 1,
c1 = 1, andc2 = 2 are used in the graph. 3

3. Loop Bounds Analysis

The Newton-Gregory approach to timing analysis is im-
portant not only to demonstrate that a potentially problem-
atic loop iteration count problem that involves loops with

symbolic bounds can be translated into a simpler summa-
tion problem with constant bounds, but also to facilitate ac-
curate loop bound analysis. In many cases, the loop bound
estimation enables the elimination of the limitingmax op-
eration from the WCET formulation given in Definition 2.2.

Bounds analysis is at the heart of tight timing analysis.
The value range of a symbolic expressionE is denoted by
[L(E),U(E)], whereL(E) denotes the lower bound and
U(E) denotes the upper bound ofE, respectively. The value
range of an expression is derived by the application of rules
such asL(E1+E2) = L(E1)+L(E2). Rules for arithmetic
operators are mostly straightforward, see e.g. [2, 4, 6, 5, 9].

The range of values of a symbolic expression evaluated
on an interval is of particular interest. The Newton series
representation of a polynomial provides a means to accu-
rately determine the value range of the polynomial on a
given interval.

It is well known that when a functionf is monotonically
increasing on an interval[a, b], the full range of values off
on the interval is given by[f(a), f(b)]. Similarly, whenf
is monotonically decreasing on[a, b], then the range off is
[f(b), f(a)].

Lemma 3.1 Let Φ(i) = 〈φ0, φ1, . . . , φk〉i denote
the Newton series of a polynomialp(i) in i and
let h(i) = N−1

k 〈φ1, . . . , φk〉i. If h(i) ≥ 0 for all
i = 0, . . . , n − 2, n ≥ 0, thenp(i) is monotonically in-
creasing on the interval[0, n− 1]. Similarly, ifh(i) ≤ 0 for
all i = 0, . . . , n − 2, thenp(i) is monotonically decreas-
ing on the interval[0, n− 1].

Proof. The polynomialh(i) is constructed from the Newton
series〈φ1, . . . , φk〉i starting with the second coefficient of
Φ(i). Therefore, by the Newton-Gregory formula we have

h(i) =
k∑

j=1

φj

(
i

j − 1

)

which leads to

p(i) =
k∑

j=0

φj

(
i

j

)

= φ0 +
k∑

j=1

φj

(
i

j

)

= φ0 +
k∑

j=1

φj

i−1∑
`=0

(
`

j − 1

)

= φ0 +
i−1∑
`=0

k∑
j=1

φj

(
`

j − 1

)

= φ0 +
i−1∑
`=0

h(`)



for all i ≥ 1 with p(0) = φ0. Becauseh(i) ≥ 0 for all
i = 0, . . . , n − 2, we observe that

∑i−1
`=0 h(`) is mono-

tonically increasing with increasingi = 1, . . . , n − 1 and
thereforep(i) is monotonically increasing with increasing
i = 0, . . . , n − 1. The proof of the monotonically decreas-
ing case is similar. 2

The fact that monotonicity of a polynomial can be observed
from its Newton series combined with the fact that the range
of a monotonic function can be easily bounded leads to the
following recursive definition of a lower and upper bound
on the range of values of a polynomial.

Definition 3.2 Let Φ(i) = 〈φ0, . . . , φk〉i denote the New-
ton series of a polynomial evaluated oni = 0, . . . , n − 1
with n ≥ 0. The lower bound of the polynomial defined by
Φ(i) is

L(Φ(i)) =


L(φ0) if L(〈φ1, . . . , φk〉i) ≥ 0
L(N−1

k Φ(n− 1)) if U(〈φ1, . . . , φk〉i) ≤ 0
L(N−1

k Φ(i)) otherwise

and the upper bound of the polynomial defined byΦ(i) is

U(Φ(i)) =


U(φ0) if U(〈φ1, . . . , φk〉i) ≤ 0
U(N−1

k Φ(n− 1)) if L(〈φ1, . . . , φk〉i) ≥ 0
U(N−1

k Φ(i)) otherwise

whereN−1
k Φ(n − 1) denotes the expression obtained by

convertingΦ to a polynomial that is evaluated ati = n−1,
that is, by replacingi with n− 1.

The conditions in the guards in this definition exploit the
fact that whenL(Φ(i)) ≥ 0 on an interval the polynomial of
Φ(i) is non-negative on the interval and whenU(Φ(i)) ≤ 0
then the polynomial is non-positive on the interval.

Lemma 3.3 LetΦ(i) denote the Newton series of a polyno-
mial p(i) evaluated oni = 0, . . . , n− 1 with n ≥ 0. Then,

L(Φ(i)) ≤ p(i) ≤ U(Φ(i))

for all i = 0, . . . , n− 1.

The following example demonstrates that the bound is more
tight compared to conventional value range analysis applied
to polynomials.

Example 3.4 Consider the polynomialp(i) = 1
2 i

2 − 1
2 i

with Newton series〈0, 0, 1〉i = N2[0,− 1
2 ,

1
2 ]i. Given the

domaini = 0, . . . , N , the value range of this polynomial is
[L(〈0, 0, 1〉i),U(〈0, 0, 1〉i)] = [0, 1

2N
2 − 1

2N ]. 3

Conventional value range analysis methods applied to poly-
nomials fail to establish accurate bounds [2]. For the ex-
ample polynomialp(i) we obtain the range overestima-
tion 1

2 [0, N ]2 − 1
2 [0, N ] = [− 1

2N,
1
2N

2]. In fact, differ-
ent closed-form polynomial representations result in differ-
ent bound estimations, none of which is exact when vari-

ablei occurs twice or more times in the expression. For ex-
ample, the Horner form of this polynomial gives the bound
[− 1

2N,
1
2N

2 − 1
2N ].

4. Loop Iteration Path Timing Estimation

The objective is to find the critical paths in the body of a
loop, i.e. the paths that are the most time consuming across
the iterations of a loop. The following loop fragment gener-
alizes this concept:

for i = a to b step s do
if C then

S1

else
S2

If conditionC partitions the iteration space ofi, e.g.C is a
condition such asi > c, then loop timing analysis can be ap-
plied by splitting the loop into partitioned loops which can
be separately analyzed. The partitioning is not performed
on the physical code but virtually to aid the timing analy-
sis. For example:

for i = a to min(b, c) step s do
S1

for i = max(a, c + 1) to b step s do
S2

However, it is far more common in practice that condition
C exhibits switching behavior that is unknown at compile
time. Therefore, a conservative timing estimation must be
made for a loop nest by determining the critical path(s)
through the body of a loop. Worst-case execution timing
analysis then assumes that the critical path(s) are always
taken at each iteration of the loop nest.

Whether a path is critical may also depend on the cur-
rent iteration executed in the loop. Interesting cases arise
when one path is critical at the first few loop iterations but
then gradually decreases in execution time during subse-
quent iterations while another path increases in execution
time eventually exceeding the time of the former path. The
analysis should take both paths into consideration. Unfortu-
nately, finding the break-even point is not always possible,
because it requires root-finding on an interval with symbolic
bounds.

However, the path timing analysis can be performed in-
dependently on each path, even when these paths include
the same loop body operations, because the choice of path
taken in the loop body cannot be determined at compile
time. Furthermore, no assumptions of data dependences car-
ried from one iteration to the next have to be made for tim-
ing estimation of multiple paths. Therefore, to align and
compare the timing of a path with a descending time curve
to a path with an ascending time curve, the iteration order of
one of the paths in the loop can be virtually reversed. If af-
ter alignment it can be observed that one path always dom-



inates the other in the estimated execution time, then it is
safe to assume that the dominating path determines the to-
tal estimated execution time of the loop.

Without loss of generality, the paper presents an ap-
proach to analyze two paths in the body of a loop. The ex-
tension to multiple paths is straightforward. If the worst-
case execution time bounds onS1 andS2 are polynomial in
i (including constant), then the worst-case execution time
of the entire loop nest can be accurately determined. To this
end, the timing of the paths is compared by computing the
difference series of the Newton series of the polynomials
that bound the execution time of the paths.

Definition 4.1 Let Φ(i) = 〈φ0, . . . , φk〉i and Ψ(i) =
〈ψ0, . . . , ψ`〉i denote Newton series. Then, the difference se-
ries ∆(i) = Φ(i) − Ψ(i) = 〈δ0, . . . , δmax(k,`)〉i is defined
by

δj =


φj − ψj if j ≤ k andj ≤ `
φj if j ≤ k andj > `
−ψj if j > k andj ≤ `

for all j = 0, . . . ,max(k, `).

The difference series of the Newton series of two polyno-
mials gives the necessary information to determine which
of the two polynomials is the largest on an interval.

Lemma 4.2 Let Φ(i) be the Newton series of a polyno-
mial p(i) and letΨ(i) be the Newton series of a polyno-
mial q(i). If L(Φ(i) − Ψ(i)) ≥ 0 thenp(i) ≥ q(i) for all
i = 0, . . . , n − 1, n ≥ 0, and ifU(Φ(i) − Ψ(i)) ≤ 0 then
p(i) ≤ q(i) for all i = 0, . . . , n− 1.

A maximizing operator on Newton series is introduced that
exploits iteration reversal. The maximizing operator returns
the larger of two series. If neither of the two series domi-
nates, a new series is constructed that bounds both polyno-
mials of the series.

Definition 4.3 Let i = 0, . . . , n − 1, n ≥ 0, be the itera-
tion space of a (normalized) loop with two execution paths
through the loop body. LetΦ(i) = 〈φ0, . . . , φk〉i denote the
Newton series of the parameterized WCET of the first path
and letΨ(i) = 〈ψ0, . . . , ψ`〉i denote the Newton series of
the parameterized WCET of the second path. We define the
maximizing operator↑ of the two series by

Φ(i) ↑ Ψ(i) =



Φ(i) if L(∆1(i)) ≥ 0
or L(∆2(i)) ≥ 0
or L(∆3(i)) ≥ 0
or L(∆4(i)) ≥ 0

Ψ(i) if U(∆1(i)) ≤ 0
or U(∆2(i)) ≤ 0
or U(∆3(i)) ≤ 0
or U(∆4(i)) ≤ 0

Θ(i) otherwise

where

∆1(i) = Φ(i)−Ψ(i)
∆2(i) = Φ(i)−Ψ(n− i− 1)
∆3(i) = Φ(n− i− 1)−Ψ(i)
∆4(i) = Φ(n− i− 1)−Ψ(n− i− 1)

and
Θ(i) = 〈θ0, . . . , θmax(k,`)〉i

with coefficients

θj =


max(φj , ψj) if j ≤ k andj ≤ `
max(0, φj) if j ≤ k andj > `
max(0, ψj) if j > k andj ≤ `

for all j = 0, . . . ,max(k, `).

The differencesΘ(i) − Φ(i) andΘ(i) − Ψ(i) are always
positive and thereforeΘ(i) bounds bothΦ(i) andΨ(i).

The Newton seriesΦ(n − i − 1) is obtained from the
seriesΦ(i) by reversing the evaluation of the polynomial
on the interval[0, n − 1]. There are several ways this can
be accomplished. A simple implementation is to convert
the Newton series back to a polynomial usingp(i) =
N−1

k Φ(i) which gives the coefficients ofp(i) or withp(i) =∑k
j=0 φj

(
i
j

)
which gives a closed-form polynomial expres-

sion. Then replaceiwith n−i−1 in p(i), simplify the poly-
nomial, and convert to Newton series withΦ(n− i− 1) =
Nkp(n− i− 1).

The generalization of this approach to multiple paths and
multiple loops follows from the fact thatΦ(i) ↑ Ψ(i) is
closed under polynomial formation. Therefore it can be ap-
plied to multiple paths to maximize the Newton series rep-
resentation of the timing of the paths.

Example 4.4 Consider the following loop with a loop body
that contains two execution paths:

1: for i = 0 to N do
2: if a[i] > 0 then
3: for j = 0 to i do
4: S4

5: else
6: for j = 0 to N − i do
7: for k = 0 to j do
8: S8

Suppose the following execution time bounds are obtained

ω(H1(0)) ≤ 1
ω(C2(i)) ≤ 1

ω(H3(i, 0)) ≤ 1
ω(S4(i, j)) + ω(H3(i, j + 1)) ≤ 2

ω(H6(i, 0)) ≤ 1
ω(H7(i, 0)) ≤ 1

ω(S8(i, j)) + ω(H7(i, j + 1)) ≤ 2 .

The analysis begins with the inner loops and proceeds to
the outer loop. Loop bounds analysis revealed that none of



Difference Series Value Range on Domaini = 0 . . . , N
∆1(i) = Φ(i)−Ψ(i) = 〈−1− 4N −N2, 5 + 2N,−2〉i [L(∆1),U(∆1)] = [−1− 4N −N2,−1 + 2N ]
∆2(i) = Φ(i)−Ψ(N − i) = 〈−1,−3,−2〉i [L(∆2),U(∆2)] = [−1− 2N −N2,−1]
∆3(i) = Φ(N − i)−Ψ(i) = 〈−1− 2N −N2, 1 + 2N,−1〉i [L(∆3),U(∆3)] = [−1− 2N −N2,−1]
∆4(i) = Φ(N − i)−Ψ(N − i) = 〈−1 + 2N,−7,−2〉i [L(∆4),U(∆4)] = [−1− 4N −N2,−1 + 2N ]

Table 1. Difference Series of Φ(i) and Ψ(i) and Their Value Range for Example 4.4

the iteration space sizes of the loops is negative and there-
fore themax operations can be eliminated from theσ func-
tions. The first path spans statements2 to 4 and the second
path spans statements2 and6 to 8. The Newton series cor-
responding to the two paths are

Φ(i) = N1(3 + σ(N02, i+ 1))
= N1(5 + 2i)
= 〈5, 2〉i

Ψ(i) = N2(3 + σ(N1(1 + σ(N02, j + 1)), N − i+ 1)
= N2(6 + 4N +N2 − (2N + 4)i+ i2)
= 〈6 + 4N +N2,−3− 2N, 2〉i

and the reversed series are

Φ(N − i) = N1(3 + σ(N02, N − i+ 1))
= N1(5 + 2N − 2i)
= 〈5 + 2N,−2〉i

Ψ(N − i) = N2(3 + σ(〈3, 2〉j , i+ 1)
= N2(6 + 4i+ i2)
= 〈6, 5, 2〉i .

The difference series and their value ranges on the domain
i = 0, . . . , N are shown in Table 1. The value range of
∆2(i) is negative. Therefore, it can be concluded that the
polynomial of the seriesΨ(N − i) bounds the polynomial
of the seriesΦ(i). That is,Ψ(i) (and the reversedΨ(N−i))
represents the execution time of the critical path through the
loop body. The total worst-case execution time of the loop
fragment is given by

WCET 1 = 1+σ(Ψ(i), N+1) = 7+6 1
6N+2 1

2N
2+ 1

3N
3

Now consider a conventional WCET estimation that is de-
termined by decoupling the outer loop from the inner loops.
This WCET is the best estimation that current methods can
achieve. This estimation is obtained by simplifying the prob-
lem by assuming that the inner loops are bounded by the
maximum value ofi which isN . Effectively, this WCET
is computed from the Newton series of the inner loops by
replacing i by N giving N−1

1 Φ(N + 1) = 5 + 2N and
N−1

2 Ψ(N + 1) = 6 + 4N +N2. Because the outer loop it-
eratesN + 1 times and the loop header execution time is1,
the simplified worst-case execution time estimation is

WCET 2 = 1 + (N + 1)max(5 + 2N, 6 + 4N +N2)
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Figure 3. Comparison of WCET Estimations

Yet even more simple estimation methods are commonly
used in practice that bound the iteration space of loops
by using value range analysis that provides only very sim-
ple bounding expressions on the loop iteration space sizes.
These methods cannot accurately estimate the timing of
triangular loops, because inner loops are decoupled from
outer loops. For example, loop statement3 iterates at most
N +1 times thereby executing a loop body with cost2. This
gives2(N + 1) + 3, where3 is the cost of the header of
loop statement1, the cost of the conditional statement2,
and the cost of the header of loop statement3. Loop state-
ment8 iterates at mostN + 1 times thereby executing a
loop body with cost2. Loop statement7 iterates at most
N + 1 times thereby executing the inner loop with cost
2(N + 1) + 1. The cost of the loop nest statements6 to
8 is (2(N + 1) + 1)(N + 1) + 3). The total estimated exe-
cution time using this simple approach is

WCET 3 = 1 + (N + 1) max(5 + 2N, 6 + 5N + 2N2)

Figure 3 shows the worst-case execution time estima-
tion bounds using Newton-Gregory estimation (WCET 1),
decoupled estimation (WCET 2), and simple estima-
tion (WCET 3), for increasing values ofN (shown on the
x-axis). 3

5. Conclusions and Future Work

This paper presented a novel approach to parametric
WCET estimation for rectangular and non-rectangular loop



nests including those with zero-trip loops, non-unit strides,
and multiple critical iteration paths. Future work includes
the elimination of the limitingmax operations from theσ
sum function through the addition of guarding conditions to
the Newton series, to represent piecewise polynomials. This
is necessary when the bounds of an inner loop includes un-
knowns such that the iteration space is possibly negative. In
addition, the bounding polynomialΘ used by the maximiz-
ing operator↑ will be improved.
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